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a b s t r a c t
The objective of this work is to study oscillatory and asymptotic properties of the third-
order nonlinear delay differential equation
a(t)

x′′(t)
γ ′ + q(t)f (x [τ(t)]) = 0. (E)
Applying suitable comparison theorems we present new criteria for oscillation or certain
asymptotic behaviors of nonoscillatory solutions of Eq. (E). The results obtained essentially
improve and complement earlier ones.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
We are concerned with oscillatory behavior of the third-order functional differential equations of the form
a(t)

x′′(t)
γ ′ + q(t)f (x [τ(t)]) = 0. (E)
In the sequel we will assume:
(H1) a(t), q(t) ∈ C([t0,∞)), a(t), q(t) are positive, τ(t) ∈ C([t0,∞)), τ (t) ≤ t , limt→∞ τ(t) = ∞,
∞
t0
a−1/γ (s) ds = ∞,
(H2) γ is a quotient of odd positive integers,
(H3) f (x) ∈ C(−∞,∞), xf (x) > 0, f ′(x) ≥ 0 for x ≠ 0 and−f (−xy) ≥ f (xy) ≥ f (x)f (y) for xy > 0.
By a solution of Eq. (E)we mean a function x(t) ∈ C2[Tx,∞), Tx ≥ t0, which has the property a(t)(x′′(t))γ ∈ C1[Tx,∞)
and satisfies Eq. (E) on [Tx,∞). We consider only those solutions x(t) of (E) which satisfy sup{|x(t)| : t ≥ T } > 0 for all
T ≥ Tx. We assume that (E) possesses such a solution. A solution of (E) is called oscillatory if it has arbitrarily large zeros on
[Tx,∞) and otherwise it is called to be nonoscillatory. Eq. (E) is said to be oscillatory if all its solutions are oscillatory.
Following earlier results for Eq. (E) and its particular cases (see [1–10]), we conclude that if the gap between t and τ(t)
is small then there exists nonoscillatory solution of (E) and so in this case our goal is to prove that every nonoscillatory
solution of (E) tends to zero as t → ∞, while if the difference t − τ(t) is large enough then we can study the oscillatory
character of (E). So our aim in this work is to provide a general classification of oscillatory and asymptotic behaviors of the
equation studied.
We say that a nontrivial solution x(t) of (E) is strongly decreasing if it satisfies
x(t)x′(t) < 0 (1.1)
for all sufficiently large t and it said to be strongly increasing if
x(t)x′(t) > 0. (1.2)
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2. Main results
We start our main results with the classification of the possible nonoscillatory solutions of (E).
Lemma 1. Let x(t) be a positive solution of (E). Then x′′(t) > 0, eventually, and x(t) is either strongly increasing or strongly
decreasing.
Proof. Let x(t) be a nonoscillatory solution of (E). We may assume that x(t) > 0, eventually (if it is an eventually negative,
the proof is similar). Then

a(t)

x′′(t)
γ ′
< 0, eventually. Thus, a(t)

x′′(t)
γ is decreasing and of one sign and it follows
from hypotheses (H1) and (H2) that there exists a t1 ≥ t0 such that x′′(t) is of fixed sign for t ≥ t1. If we admit x′′(t) < 0
then there exists a constantM > 0 such that
a(t)[x′′(t)]γ ≤ −M < 0, t ≥ t1.
Integrating from t1 to t , we obtain
x′(t) ≤ x′(t1)−M1/γ
∫ t
t1
1
a1/γ (s)
ds.
Letting t →∞ and using (H1), we get x′(t)→ −∞. Thus x′(t) < 0, which together with x′′(t) < 0 implies x(t) < 0. This
contradiction shows that x′′(t) > 0. Therefore x′(t) is increasing and thus either (1.1) or (1.2) holds, eventually. The proof is
complete. 
Theorem 1. If the first-order delay equation
y′(t)+ q(t)f
[∫ τ(t)
t0
(τ (t)− u) a−1/γ (u)du
]
f

y1/γ [τ(t)] = 0 (E1)
is oscillatory, then every solution of Eq. (E) is either oscillatory or strongly decreasing.
Proof. Let x(t) be a nonoscillatory solution of Eq. (E). We may assume that x(t) > 0 for t ≥ t0. From Lemma 1 we see that
x′′(t) > 0 and x(t) is either strongly increasing or strongly decreasing.
Assume that x(t) is strongly increasing, that is x′(t) > 0, eventually. Using that a(t)

x′′(t)
γ is decreasing, we are led to
x′(t) ≥
∫ t
t1
x′′(u)du =
∫ t
t1
a−1/γ (u)

a(u)(x′′(u))γ
1/γ du
≥ a(t)(x′′(t))γ 1/γ ∫ t
t1
a−1/γ (u)du. (2.1)
Integrating (2.1) from t1 to t , we have
x(t) ≥
∫ t
t1

a(s)(x′′(s))γ
1/γ ∫ s
t1
a−1/γ (u)duds
≥ a(t)(x′′(t))γ 1/γ ∫ t
t1
(t − u) a−1/γ (u)du.
There exists a t2 ≥ t1 such that for all t ≥ t2, one gets
x[τ(t)] ≥ y1/γ [τ(t)]
∫ τ(t)
t2
(τ (t)− u) a−1/γ (u)du, (2.2)
where y(t) = a(t)(x′′(t))γ . Combining (2.2) together with (E), we see that
−y′(t) = q(t)f (x(τ (t))) ≥ q(t)f
[
y1/γ [τ(t)]
∫ τ(t)
t2
(τ (t)− u) a−1/γ (u)du
]
≥ q(t)f
[∫ τ(t)
t2
(τ (t)− u)a−1/γ (u)du
]
f

y1/γ [τ(t)] ,
where we have used (H3). Thus function y(t) is a positive and decreasing solution of the differential inequality
y′(t)+ q(t)f
[∫ τ(t)
t2
(τ (t)− u) a−1/γ (u)du
]
f

y1/γ [τ(t)] ≤ 0.
Hence, by Theorem 1 in [1] we conclude that the corresponding differential equation (E1) also has a positive solution, which
contradicts the oscillation of (E1). Therefore x(t) is strongly decreasing. 
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Adding a supplementary condition we achieve stronger asymptotic behavior of the nonoscillatory solutions of Eq. (E).
Lemma 2. Assume that x(t) is a positive decreasing solution of Eq. (E). If∫ ∞
t0
∫ ∞
v
1
a1/γ (u)
[∫ ∞
u
q(s)ds
]1/γ
dudv = ∞, (2.3)
then x(t) tends to zero as t →∞.
Proof. It is clear that there exists a finite limt→∞ x(t) = ℓ. We shall prove that ℓ = 0. Assume that ℓ > 0. 
Integrating Eq. (E) from t to∞ and using x[τ(t)] > ℓ and (H3), we obtain
a(t)(x′′(t))γ ≥
∫ ∞
t
q(s)f (x[τ(s)])ds ≥ f (ℓ)
∫ ∞
t
q(s)ds,
which implies
x′′(t) ≥ ℓ1
a1/γ (t)
[∫ ∞
t
q(s)ds
]1/γ
,
where ℓ1 = f 1/γ (ℓ) > 0. Integrating the last inequality from t to∞, we get
−x′(t) ≥ ℓ1
∫ ∞
t
1
a1/γ (u)
[∫ ∞
u
q(s)ds
]1/γ
du.
Now integrating from t1 to t , we arrive at
x(t1) ≥ ℓ1
∫ t
t1
∫ ∞
v
1
a1/γ (u)
[∫ ∞
u
q(s)ds
]1/γ
dudv.
Letting t →∞we have a contradiction with (2.3) and so we have verified that limt→∞ x(t) = 0.
Combining Theorem 1 and Lemma 2 we get:
Theorem 2. Assume that (2.3) holds. If Eq. (E1) is oscillatory then every solution of Eq. (E) is oscillatory or tends to zero as t →∞.
In Theorems 1 and 2 we have established new comparison principles that enable us to deduce properties of the third-
order nonlinear differential equation (E) from oscillation of the first-order nonlinear delay Eq. (E1). Consequently taking
account of the oscillation criteria for (E1)we get immediately results for the properties of (E) investigated.
The following example is intended to show that our results here improve those presented in [2].
Example 1. Let us consider the third-order delay differential equation
[tx′′(t)]′ + b
t2
x (λt) = 0, b > 0, λ ∈ (0, 1), t ≥ 1. (E2)
Now (2.3) holds and Eq. (E1) reduces to
y′(t)+ λb
t

ln(λt)− 1+ 1
λt

y (λt) = 0. (2.4)
On the other hand, Theorem 2.1.1 in [3] guarantees oscillation of Eq. (2.4) provided that
lim
t→∞
bλ
2
[
ln

1
λ

ln(λ3t2)+ 2 ln λ
]
>
1
e
,
which is evidently fulfilled and according to Theorem 2 every nonoscillatory solution of Eq. (E2) tends to zero as t → ∞.
Note that for b = δ(δ + 1)2λδ, δ > 0 one such solution is x(t) = t−δ . We remark that criteria presented in [2] fail.
Nowwe eliminate strongly decreasing solutions of (E) to get its oscillation. We relax condition (2.3) and employ another
one. Our method is new and complements the one presented in [2].
Theorem 3. Let τ ′(t) > 0. Assume that there exists a function ξ(t) ∈ C1([t0,∞)) such that
ξ ′(t) ≥ 0, ξ(t) > t, and η(t) = τ(ξ(ξ(t))) < t. (2.5)
If both the first-order delay Eq. (E1) and
z ′(t)+
∫ ξ(t)
t
1
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2

f 1/γ (z[η(t)]) = 0 (E3)
are oscillatory, then Eq. (E) is oscillatory.
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Proof. Let x(t) be a nonoscillatory solution of Eq. (E). We may assume that x(t) > 0. From Theorem 1, we see that x(t) is
strongly decreasing (i.e. x′(t) < 0). Integration of (E) from t to ξ(t) yields
a(t)

x′′(t)
γ ≥ ∫ ξ(t)
t
q(s1)f (x(τ (s1)))ds1 ≥ f (x[τ(ξ(t))])
∫ ξ(t)
t
q(s1)ds1.
Then
x′′(t) ≥ f
1/γ (x[τ(ξ(t))])
a1/γ (t)
∫ ξ(t)
t
q(s1)ds1
1/γ
.
Integrating from t to ξ(t) once more, we get
−x′(t) ≥
∫ ξ(t)
t
f 1/γ (x[τ(ξ(s2))])
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2
≥ f 1/γ (x[η(t)])
∫ ξ(t)
t
1
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2.
At the end, integrating from t to∞, one gets
x(t) ≥
∫ ∞
t
f 1/γ (x[η(s3)])
∫ ξ(s3)
s3
1
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2ds3. (2.6)
Let us denote the right hand side of (2.6) by z(t). Then z(t) > 0 and one can easily verify that z(t) is a solution of the
differential inequality
z ′(t)+
∫ ξ(t)
t
1
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2

f 1/γ (z[η(t)]) ≤ 0.
Then Theorem 1 in [1] shows that the corresponding differential equation (E3) also has a positive solution. This
contradiction finishes the proof. 
For the special case of Eq. (E), when f (u) = uβ we immediately have:
Corollary 1. Assume that β is a quotient of odd positive integers. Let τ ′(t) > 0. Assume that there exists a function ξ(t) ∈ C1
([t0,∞)) such that (2.5) holds. If both equations
y′(t)+ q(t)
[∫ τ(t)
t0
(τ (t)− s)a−1/γ (s)ds
]β
yβ/γ [τ(t)] = 0 (E4)
z ′(t)+
∫ ξ(t)
t
1
a1/γ (s2)
∫ ξ(s2)
s2
q(s1)ds1
1/γ
ds2

zβ/γ [η(t)] = 0 (E5)
are oscillatory, then equation
a(t)

x′′(t)
γ ′ + q(t)xβ [τ(t)] = 0 (E6)
is oscillatory.
When choosing ξ(t) we are very particular about two conditions ξ(t) > t and τ(ξ(ξ(t))) < t holding. Unfortunately
there is no general rule as regards how to choose function ξ(t) to obtain the best result for oscillation of (E3). We suggest
that function ξ(t) ‘‘should be close to’’ the inverse function of τ(t). In the next example the reader can see the details.
Example 2. Let us consider Eq. (E2) once more. In Example 1 we have recognized that every nonoscillatory solution of (E2)
tends to zero as t →∞. Moreover, for b ‘‘small enough’’ we have revealed such a solution.
On the other hand, choosing ξ(t) = αt with 1 < α < 1√
λ
, Eq. (E5) now reduces to
z ′(t)+ b(α − 1)
2
α2t
z

λα2t
 = 0
and the condition
b(α − 1)2
α2
ln

1
λα2

>
1
e
, (2.7)
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guarantees its oscillation. Consequently, Corollary 1 guaranties oscillation of (E2) if (2.7) holds, that is for b ‘‘large enough’’.
We note that all oscillation criteria from [2] fail for (E2).
Our results guarantee the asymptotic behavior described for all nonoscillatory solutions (boundedness, convergence to
zero and nonexistence). Our criteria improve and properly complement known results even for simple cases of (E). Our
conclusions are validated by illustrative examples that confirm the upgrading of known oscillation criteria. If we apply
known/new criteria for both nonlinear first-order Eqs. (E1) and (E3) to be oscillatory we obtain more general criteria for the
properties of the nonlinear third-order Eq. (E) studied.
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